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PACS. 12.40. — Models of strong interactions.

Summary. -~ The Bethe-Salpeter equation obtained within the framework of ladder
and instantaneous approximations is solved to obtain mass spectra of various qq systems
with the potential V(r) = — §(x,/r — Ar — ¢/m mg).

The charmonium and upsilon spectra have been studied extensively in the near
Past within the framework of nonrelativistic quantum mechanics (*3). Some of these
studies have included the lighter mesons such as the wm-meson, e-meson, ete., but it
has been generally felt that these lighter systems should rather be studied with rela-
tivistic equations. Consequently, equations such as the Klein-Gordon and Dirac have
been used along with their variants (%), In these investigations, different authors
have used different prescriptions to construct the two-body equation for the descrip-
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tion of the qq system. The use (1%11) of the Bethe-Salpeter (BS) equation (%), which
is a true two-body relativistic equation based as it is on the only successful relativistic
quantum theory, has been limited, mainly because of the problems associated with
the establishment of a proper kernel and the interpretation of solutions corresponding
to excitation in relative time. Mrrra and collaborators (1) solve the BS equation ob-
tained within the ladder and instantaneous approximations (1?) using a Coulomb plus
harmonie confining potential to obtain meson and baryon spectra. In their approach
the Coulombic part is treated as a perturbation.

In the present paper we solve the BS equation within the above-mentioned ap-
proximations using the QCD motivated potential—Coulomb plus linear—to obtain
meson masses. We do not treat the Coulombic part perturbatively.

For a ¢q bound state, the BS equation in momentum space is given by (**)

(1) 1(d) = — f Q1 810 (py) 81 ) B(P, 45 &) 75(k) -

Here p, and p, are the final 4-momenta, p; and p) are the initial 4-momenta, and the
relative momenta & (before) and ¢ (after) are given by

I 14

_ MePy — My Py _ MePy— My Py

_ 7 " » —_ '—'—I—_“ .
Ny - My My - My

The total 4-momentum P = p; -+ p, = P + ph, and my = mgy, My = my. In the ladder
approximation one replaces the exact fermion propagators 1V and 8% and theinterac-
tion funetion @ by their lowest-order values: Sl(p) ~ 8y(p) = free fermion propagator,

G(P, g, k) ~ Gylg, k). By means of

1
(2) Go(g, k) = @Flzyif)}/ﬁf)(qwml@ ,

where F,, is the color factor whose value is — £ for qq, eq. (1) takes the form

Ly

(3) 7o(g) = — Wfd% S8 (py) S (po) vy 7 <@l Vialk) 2p(R) -

Equation (3) describes a bound state of mass M in the centre-of-mass frame of a
qq pair so that the total momentum P = (0,0,0,iM) satisfies the relation

(4) P2 =— .
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Using SpH(p) = i(my + iy,P,) for the free fermion propagators for particle 1 and 2

and the Gordon decomposition for 3’ and 2, one obtains from (3)

iy
(27)

(5) xlg) = — fd% I(g, &) zp(R)/ImT + (p)?1[m® + (py)?1,

where
(6)  I(g k) = <g|VaalkD[ 40 P2 — (g + )% + 6\ 6B q — k)ulg—F)s -+

+ 2(ny ) Pulg + k) — ~’i{7720‘§33 — G;zzv)} Pulg—kyy— 2’i{05413 + 0,54213} Qﬂki’]
with

m,y M,

7 and 7 =
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In the form (5), the BS equation has in it the g,, %, dependence. This can be gotten rid
of by using the instantaneous approximation (IA) in which one sets ky = ¢ and in-
tegrates over dg,. After doing this one obtains for the BS equation

M R . 4 A3k
(7) 5 (dmymy + 4q° — 4y 0, M) x(q) = 3 @57( )

: [— 4,7, M2 — (g + k) —2i(0f + o)) qq; +

2 omd) i
+ﬂﬁ@—@M~mz(W+mw)WL#JQMM%

My M (My + My

in terms of the Schrodinger type BS wave function

x(q) =quoxo(q) .

In eq. (7), <q|Vy,|k> is the Fourier transform of the qq interaction potential. The
expression (6) for I(q, g,; k, k,) can be written as

(g, ¢os k, o) = Oy + Crqy + Cagl.

In writing eq. (7) we have considered only the first term C, which is independent of g, .
This is simply assuming ¢, to be small. Furthermore, we have omitted (1) a term
0§} 053 (¢ — k);lg — &), which gives the contribution — }(g®— k2)%/mym,. In the present
investigation the effect of this term is taken into account by adding a phenomenological
constant term Of/m;m, in the potential (). Thus, for the g interaction potential

we take

(8) 7(r) =f§—;m— ¢

My My

(**) Detailed analysis including this term is under investigation.
(*) A pure constant term (independent of m,) has normally been included in most nonrelativistic
investigations, See, for example, ref. (%),
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The Coulombic part is supposed to come from one-gluon exchange in QCD and the
linear part from higher-order diagrams. Here we treat both the linear and Coulombie
parts on the same footing. Note that with the color factor (— £) the potential (8) has
the correct attractive form. The Fourier transform of (8) is

davor, 8mA (2m)300(g— k)
9 = -
(9) {q|Vpplk> = -+ (q—-k)2+ (q—k)* My My

After substituting (9) in (7) and taking the Fourier transform, we get the BS equation
in co-ordinate space:

+

M 4 2 4r-V  492V2
(10) 5 [4mymy — 4771772M2"‘4V§]X(") = —gl [— 4y ny M2r + ;

T a
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M (m] + mg)) S
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4 M2
+ o |dmny — I 4nd(r)|1—oy 0, +
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4L-S 4r2V2 2M 2 5 :
= ( s £ 7). 4) rwA ] §(r) + O— dnymy M2 + 4921 (1) .

Note the natural appearance of the spin-spin, spin-orbit, tensor, and contact terms in
this equation.

Our task now is to solve eq. (10) to get the meson masses. In anticipation of the
unpleasantness which may be caused by the J-function, we replace it by (%)

, 1 /1 1 T
(11) (r) = 11m——2(_-_-__) exp [__] s
ro—>0 2mrg \r 47y g

where we take r, = o, /m in analogy with QED (1), and then solve eq. (10) numerically
by the Runge-Kutta method using boundary conditions that ensure the proper behavior
of y(r) at small and large 7.

The results of our calculations for the bb, c¢, 88, uu meson masses (M) are given
in column 3 of table I where they are also compared with the experimental masses
(M,,,) given in column 4. The parameters which give a very good fit to bb states are
found to be
(12) a, = 0.6, 1=0.08(GeV)2, (=—0112(GeV)®
with m, = 4.98 GeV. With these parameters and a value m, = 1.535 GeV, the theo-
retical values for the co states are also in good agreement with the experimental ones
for the triplet S-states. However, for the singlet cc state 7., the theoretical value
(3.036 GeV) is 56 MeV too high. Furthermore, My,,, for the P and D states are con-
sistently lower than their experimental values. For the $§ mesons, the triplet ground
state is obtained at 1.015 GeV with m, = 0.44 GeV. But with the same m,, the second
radial excitation is too low. For the lighter ull states 138, and 23S;, the theoretical

(1) S. M. BLINDER: Phys. Rev. 4, 18, 853 (1978).
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TapLe I. - Masses in GeV of bb, ce, s, and uu slales with parameters ¢, = 0.6,
A =0.08 (GeV)?, 0 = —0.112 (GeV)?, m, = 4.98 GeV, m, = 1.535 GeV, m, = 0.44 GeV,
and m, = 0.3 GeV,

qq state = n2s+1 L, Miroor Moy

bh 138, 9.465 9.460
238, 10.044 10.020
338, 10.342 10.350
438, 10.569 10.570

e 138, 3.107 3.097 (J/4)
238, 3.558 3.685
338, 3.908 4.030
438, 4,212 4.415
118, () 3.036 2.980
13P, 2.758 3.415
18P, 3.315 3.510
13P, 3.410 3.556
13D, 3.520 3.77
23D, 3.818 4.16

&3 138, 1.015 1.020 (o)
2138, 1.310 1.680 (')
13P, 0.909
14P, 1.006
13P, 1.093

ol 138, 0.866 0.770
238, 1.137 1.250
115, 0.832 0.140 (=)

TABLE 11, — Masses in GeV of cu, cs, and su and bu states with parameters given in table I.

qq state = n2s+l L, Mipoor Mexp

cu 138, 2.166 2.010 (D*)
118, 2.809 1.865 (D)

s 1388, 2.217 2.140 (F*)
118, 2.133 2.020 (F)

s 138, 0.939 0.892 (K*)
118, 0.983 0.490 (K)

bu 138, 5.798 53 (B¥)

118, 5.767 53 (B)
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values are reasonably close to the experimental ones with m, = 0.3 GeV. But the
x-meson does not match at all.

1t is worth mentioning here that it was possible to obtain a reasonably good fit
for the bb and cc S-states without the constant Ofmym, term, say for example with
o, = 0.5, 1= 0.1 (GeV)? and m, = 4.8 GeV, m, = 1.4 GeV; but the theoretical values
1.683 GeV and 1.885 GeV which resulted for the 1 39, and 238, uu states, respectively,
were too high compared to their experimental counterparts 0.770 GeV and 1.250 GeV.
Thus it was necessary to include the term Cfmym, in the qq interaction. Note that the
nwmerical value of ¢ turns out to be negative (1),

The results of our calculations, which also constitute the predictions of this meodel,
for the ¢, cs, su, bu S-states in which the quark and the antiquark do not have the
game mass are given in column 3 of table II, where they are also compared with the
corresponding experimental values which are given in column 4. Except for the singlet
¢l and su, the theoretical results compare well with the experimental ones. This is
indeed encouraging for the model used in this investigation.
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